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In this note, we give a characterization of a pair (A, B) of positive contractions with
commutator AB − B A of maximum possible norm. A necessary and suﬃcient condition
is that either 1+i4 ‖A‖‖B‖ or its complex conjugate is in the closure of the numerical range
of AB .
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1. Introduction
Throughout this paper, H denotes a complex Hilbert space. R(C) denotes a real(complex) ﬁeld. The set of all bounded
linear operators acting on H is denoted by B(H). An operator A is said to be positive if 〈Ax, x〉 0 for each vector x ∈H,
where 〈·,·〉 is the inner product of H. The set of all positive operators in B(H) is denoted by B(H)+ . An operator is said
to be a contraction if ‖A‖ 1. The set of all positive contractions in B(H)+ is denoted by B(H)+1 . For A and B ∈ B(H)+1 ,
AB − B A is said to be the commutator of two positive contractions. For A ∈ B(H), the adjoint, the spectrum, the essential
spectrum, the null-space, the radius of the spectrum and the radius of the numerical range of A are denoted by A∗ , σ(A),
σe(A), N (A), r(A) and ω(A) of A, respectively, where r(A) and ω(A) are deﬁned by
r(A) =max{|λ|: λ ∈ σ(A)}
and
ω(A) = sup{∣∣〈Ax, x〉∣∣: x ∈H, ‖x‖ = 1}.
In this section, we list some preliminaries that will be used later.
In general, for A and B ∈ B(H), we have
‖AB − B A‖ 2‖A‖‖B‖. (1)
For the case when A or B is positive, the inequality (1) has been recently improved by Kittaneh in [7] as follows
‖AB − B A‖ ‖A‖‖B‖.
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‖AB − B A‖ 1
2
. (2)
But if A and B ∈ B(H) are self-adjoint, a more strict inequality has been given in [12] as follows
‖AB − B A‖ 1
2
(β − α)(δ − γ ),
where α =min{λ: λ ∈ σ(A)}, β =max{λ: λ ∈ σ(A)}, γ =min{λ: λ ∈ σ(B)}, δ =max{λ: λ ∈ σ(B)}.
As is well known, the study of the norms of commutators of two operators can be traced back to Stampﬂi’s work
(see [11]). It is still an important topic of operator theory which has attracted much attention of many authors (see
[1–10,12–14]). A motivation of this paper is raising from mathematical theory of non-commutative computations. About
this subject, we refer the reader to Choi’s lecture (see [4]).
From (2), we see that the norm of a commutator of two positive contractions is less than or equal to 12 . It naturally leads
us to consider whether there exists a pair (A, B) of positive contractions with ‖AB − B A‖ = 12 ? The following example gives
an aﬃrmative answer.
Example 1.1. Let A and B be 2× 2 matrices. If
A =
(
1 0
0 0
)
and B =
(
1
2
1
2
1
2
1
2
)
,
then it is easily seen that A and B are positive contractions. Directly computing,
AB − B A =
(
0 12
− 12 0
)
and ‖AB − B A‖ = 12 .
Furthermore, what is a necessary and suﬃcient condition of a pair (A, B) of positive contractions with ‖AB − B A‖ = 12 ?
In [6], by using the spectral properties of positive contractions, we have proved that
Theorem DDW. For A ∈ B(H)+1 , there does not exist a positive contraction B such that ‖AB − B A‖ = 12 if and only if one of the
following statements holds:
(1) {0,1}  σ(A).
(2) {0,1} ⊆ σ(A), 0 ∈ σ(A) \ σe(A) andN (I − A) = {0}.
(3) {0,1} ⊆ σ(A), 1 ∈ σ(A) \ σe(A) andN (A) = {0}.
In the present paper, by using a sequence of unit vectors in H, we shall show a characterization of a pair (A, B) of
positive contractions with ‖AB − B A‖ = 12 . We obtain the main result.
Theorem 1.2. Let A, B ∈ B(H)+1 . Then ‖AB − B A‖ = 12 if and only if one of 1±i4 is in the closure of the numerical range of AB.
2. Proofs of main results
In this section, we begin with some lemmas.
Lemma 2.1. If A is self-adjoint, then
r(A) = ω(A) = ‖A‖.
Lemma 2.2. (See [6].) Let A, B ∈ B(H)+1 . If ‖AB − B A‖ = 12 , then {0,1} ⊆ σ(A) ∩ σ(B).
Proof of Theorem 1.2. Suﬃciency. Without loss of generality, suppose that there exists a sequence {xn} of unit vectors in H
such that limn→∞〈ABxn, xn〉 = 1−i4 , then limn→∞〈B Axn, xn〉 = 1+i4 since B A = (AB)∗ . Hence, we get
lim
n→∞
〈
(AB − B A)xn, xn
〉= −1
2
i.
Thus,
1
2
= lim
n→∞
∣∣〈(AB − B A)xn, xn〉∣∣ lim
n→∞
∥∥(AB − B A)xn∥∥ ‖AB − B A‖ 1
2
.
Therefore, ‖AB − B A‖ = 1 .2
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there exists a sequence {xn} of unit vectors in H such that
lim
n→∞
〈
i(AB − B A)xn, xn
〉= ±1
2
.
By Lemma 2.2, it is obvious that ‖A− 12 I‖ = 12 and ‖B− 12 I‖ = 12 . Notice that AB− B A = (A− 12 I)(B− 12 I)−(B− 12 I)(A− 12 I).
Thus,
lim
n→∞
(〈(
B − 1
2
I
)
xn,
(
A − 1
2
I
)
xn
〉
−
〈(
A − 1
2
I
)
xn,
(
B − 1
2
I
)
xn
〉)
= ±1
2
i (3)
and hence
lim
n→∞ Im
(〈(
A − 1
2
I
)
xn,
(
B − 1
2
I
)
xn
〉)
= ±1
4
,
where Im(λ) denotes the imaginary part of a complex number λ ∈ C. As we have∣∣∣∣Im
(〈(
A − 1
2
I
)
xn,
(
B − 1
2
I
)
xn
〉)∣∣∣∣
∥∥∥∥
(
A − 1
2
I
)
xn
∥∥∥∥
∥∥∥∥
(
B − 1
2
I
)
xn
∥∥∥∥ 14 ,
it follows that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
lim
n→∞
∥∥∥∥
(
A − 1
2
I
)
xn
∥∥∥∥= 12 =
∥∥∥∥A − 12 I
∥∥∥∥,
lim
n→∞
∥∥∥∥
(
B − 1
2
I
)
xn
∥∥∥∥= 12 =
∥∥∥∥B − 12 I
∥∥∥∥,
lim
n→∞
〈(
A − 1
2
I
)
xn,
(
B − 1
2
I
)
xn
〉
= ± i
4
.
(4)
By exchanging the roles of A and B , we can assume that this limit is + i4 because the numerical range of B A is the complex
conjugate of the numerical range of AB .
Write un = (A − 12 I)xn and vn = (B − 12 I)xn . Then
‖un − ivn‖2 = ‖un‖2 + ‖vn‖2 + i〈un, vn〉 − i〈vn,un〉.
By (4), we get
lim
n→∞‖un − ivn‖
2 = 0.
It implies that
lim
n→∞(un − ivn) = 0.
Therefore,
0= lim
n→∞〈un − ivn, xn〉 = limn→∞
(〈un, xn〉 − i〈vn, xn〉).
Notice that 〈un, xn〉 ∈ R and so is 〈vn, xn〉 ∈ R. Thus, we have that
lim
n→∞〈un, xn〉 = limn→∞〈vn, xn〉 = 0. (5)
Finally,〈(
A − 1
2
I
)(
B − 1
2
I
)
xn, xn
〉
= 〈ABxn, xn〉 − 1
2
〈Axn + Bxn, xn〉 + 1
4
= 〈ABxn, xn〉 − 1
2
(〈un, xn〉 + 〈vn, xn〉 + 1)+ 1
4
implies
− i
4
= lim
n→∞〈ABxn, xn〉 −
1
4
.
Therefore, limn→∞〈ABxn, xn〉 = 1−i4 . The proof is completed. 
In the case that ‖AB − B A‖ = 1 if A, B ∈ B(H)+ , what we can say about the spectrum σ(AB) of AB?2 1
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and B, respectively. If there exists a sequence {xn} of unit vectors in H such that limn→∞‖(AB − B A)xn‖ = 12 , then for an arbitrary
1
2 > 	 > 0,
lim
n→∞
∥∥E([	,1− 	])xn∥∥= 0 and lim
n→∞
∥∥F ([	,1− 	])xn∥∥= 0.
Proof. By the contrary, assume that for an 12 > 	0 > 0 there exists a subsequence of {xn} such that limn→∞‖E([	0,
1 − 	0])xn‖ = δ > 0. Since limn→∞‖(AB − B A)xn‖ = 12 , by the triangle inequality of the usual operator norm, we
get that limn→∞‖(A − 12 I)xn‖ = 12 and limn→∞‖(B − 12 I)xn‖ = 12 . For each n, the vectors xn have the decompositions
xn = x1n + x2n + x3n , where x1n = E([0, 	0))xn , x2n = E([	0,1 − 	0])xn , x3n = E((1 − 	0,1])xn . It is clear that Ax1n ∈ E([0, 	0))H,
Ax2n ∈ E([	0,1− 	0])H and Ax1n ∈ E((1− 	0,1])H. Thus,
∥∥∥∥
(
A − 1
2
I
)
xn
∥∥∥∥
2
=
∥∥∥∥∥
	0∫
0
(
λ − 1
2
)
dEλx
1
n +
1−	0∫
	0
(
λ − 1
2
)
dEλx
2
n +
1∫
1−	0
(
λ − 1
2
)
dEλx
3
n
∥∥∥∥∥
2
=
∥∥∥∥∥
	0∫
0
(
λ − 1
2
)
dEλx
1
n
∥∥∥∥∥
2
+
∥∥∥∥∥
1−	0∫
	0
(
λ − 1
2
)
dEλx
2
n
∥∥∥∥∥
2
+
∥∥∥∥∥
1∫
1−	0
(
λ − 1
2
)
dEλx
3
n
∥∥∥∥∥
2
 1
4
∥∥x1n∥∥2 + (1− 2	0)24
∥∥x2n∥∥2 + 14
∥∥x3n∥∥2
 1
4
− (	0 − 	20)∥∥x2n∥∥2.
When n is large enough, ‖x2n‖ > δ2 > 0. In this case, we have
1
4
= lim
n→∞
∥∥∥∥
(
A − 1
2
I
)
xn
∥∥∥∥
2
 lim
n→∞
(
1
4
− (	0 − 	20)∥∥x2n∥∥2
)
 1
4
− (	0 − 	20) δ24 < 14 .
This is a contradiction. 
Based on Proposition 2.3, we shall propose the spectral properties of positive contractions A and B with ‖AB − B A‖ = 12 .
Theorem 2.4. Let A, B ∈ B(H)+1 . If ‖AB − B A‖ = 12 , then the following statements hold:
(1) 12 ∈ σ(AB).
(2) If AB − B A is norm-attaining, thenN (A) = {0} andN (I − A) = {0}.
(3) If AB − B A is not norm-attaining and ∫ 10 λdEλ is the spectral representation of A, then for any 12 > 	 > 0, dim E([0, 	))H= ∞
and dim E((1− 	,1])H= ∞.
Proof. (1) Since ‖AB − B A‖ = 12 and i(AB − B A) is self-adjoint, by Lemma 2.1 there exists a sequence {xn} of unit vectors
in H such that
lim
n→∞
〈
i(AB − B A)xn, xn
〉= ±1
2
.
Similar to (4) and (5) in the proof of Theorem 1.2, we get⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
lim
n→∞
(
A − A2)xn = 0,
lim
n→∞
(
B − B2)xn = 0,
lim
n→∞
(
A − iB + i − 1
2
I
)
xn = 0
(
or lim
n→∞
(
A + iB − i + 1
2
I
)
xn = 0
)
.
(6)
Without loss of generality, we assume that limn→∞(A − iB + i−12 I)xn = 0. Multiplying on the left the third formula of (6)
by A and B , respectively, and combining with the ﬁrst and second formulas of (6), respectively, we have⎧⎪⎪⎪⎨
⎪⎪⎪⎩
lim
n→∞
(
1+ i
2
A − i AB
)
xn = 0,
lim
n→∞
(
B A − 1+ i B
)
xn = 0.
(7)2
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large enough. Put yn = Axn‖Axn‖ . Then(
AB − 1
2
I
)
yn = 1‖Axn‖
(
ABAxn − 1
2
Axn
)
= 1‖Axn‖
(
ABAxn − i + 1
2
ABxn + i + 1
2
ABxn − 1
2
Axn
)
= 1‖Axn‖
[(
ABAxn − i + 1
2
ABxn
)
+ 1− i
2
(
i ABxn − i + 1
2
Axn
)]
→ 0, as n → ∞ (by (7)).
This shows that 12 ∈ σ(AB).
(2) Since AB − B A is norm-attaining, there exists a unit vector x0 ∈H such that |〈(AB − B A)x0, x0〉| = 12 . Notice that
i(AB − B A) is self-adjoint. Similar to (4) and (5) in the proof of Theorem 1.2, we get⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
(
A − A2)x0 = 0,(
B − B2)x0 = 0,(
A − iB + i − 1
2
I
)
x0 = 0
(
or
(
A + iB − i + 1
2
I
)
x0 = 0
)
.
(8)
Without loss of generality, we assume that (A − iB + i−12 I)x0 = 0. Multiplying on the left the third formula of (8) by A
and B , respectively, and combining with the ﬁrst and second formulas of (8), respectively, we have⎧⎪⎨
⎪⎩
A
(
B + i − 1
2
I
)
x0 = 0,
(I − A)(B + i I)x0 = 0.
(9)
Notice that B + i−12 I and B + i I are invertible operators in B(H). Therefore, (B + i−12 I)x0 = 0 and (B + i I)x0 = 0. Thus,N (A) = {0} and N (I − A) = {0}.
(3) If AB − B A is not norm-attaining, then there exists a sequence {xn} of unit vectors satisfying w- limn→∞ xn = 0 such
that limn→∞|〈(AB− B A)xn, xn〉| = 12 . We conclude that limn→∞‖(AB− B A)xn‖ = 12 . For each n and 	 , xn,	 = x1n,	 +x2n,	 +x3n,	 ,
where x1n,	 = E([0, 	))xn , x2n,	 = E([	,1 − 	])xn , x3n,	 = E((1 − 	,1])xn . It is clear that Ax1n,	 ∈ E([0, 	))H, Ax2n,	 ∈ E([	,
1− 	])H and Ax3n,	 ∈ E((1− 	,1])H. By Proposition 2.3, we get
lim
n→∞ x
2
n,	 = limn→∞ E
([	,1− 	])xn = 0.
Since w- limn→∞ xn,	 = 0, we conclude
w- lim
n→∞
(
x1n,	 + x3n,	
)= 0. (10)
By the contrary, assume that there exists an 12 > 	0 > 0 such that at least one of dim E([0, 	0))H and dim E((1 − 	0,1])H
is ﬁnite. Without loss of generality, suppose that dim E([0, 	0))H is ﬁnite. If it is necessary, we shall delete a subsequence
of {xn}, then there exists a vector x0 ∈ E([0, 	0))H such that
w- lim
n→∞ x
1
n,	0 = limn→∞ x
1
n,	0 = x0. (11)
If x0 = 0, then it contradicts (10). So, x0 = 0. In this case, by 1= ‖xn‖2 =∑3i=1 ‖xin,	0‖2 and (11), we have
lim
n→∞
∥∥x3n,	0∥∥= 1. (12)
Put Ax3n,	0 = αnx3n,	0 + yn,	0 , where 〈x3n,	0 , yn,	0 〉 = 0. Observe that Ax3n,	0 =
∫ 1
1−	0 λdEλx
3
n,	0 . Then by (12) we get
1 lim
n→∞αn = limn→∞
〈
Ax3n,	0 , x
3
n,	0
〉
= lim
n→∞
〈 1∫
1−	0
λdEλx
3
n,	0 , x
3
n,	0
〉
= lim
n→∞
∥∥∥∥∥
1∫
1−	0
λ
1
2 dEλx
3
n,	0
∥∥∥∥∥
2
 1− 	0 > 1 . (13)
2
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⎪⎪⎩
lim
n→∞〈Axn, xn〉 =
1
2
,
lim
n→∞〈Bxn, xn〉 =
1
2
.
(14)
Combining (10)–(12) with (14), we obtain
1
2
= lim
n→∞〈Axn, xn〉 = limn→∞
〈
Ax3n,	0 , x
3
n,	0
〉= lim
n→∞αn >
1
2
if it is necessary we shall delete a subsequence of {αn}. This is a contradiction. Therefore, for any 12 > 	 > 0, we must have
dim E([0, 	))H= ∞.
Notice that ‖AB − B A‖ = ‖(I − A)B − B(I − A)‖. Similarly, we also have dim E((1− 	,1])H= ∞ for 12 > 	 > 0. The proof
is completed. 
Remark 2.5. (1) Symmetrically, by Theorem 2.4, we also have N (B) = {0} and N (I − B) = {0}.
(2) From the proof of (2) of Theorem 2.4, we see that the 2-dimensional subspace spanning by {(B + i−12 I)x0, (B + i I)x0}
denoted by M is a common reduced invariant subspace of A and B .
In fact, by (7) we get (B+ i−12 )x0 ⊥ (B+ i I)x0 andM is a reduced invariant subspace of A. Observe that B(B+ i−12 I)x0 =
i+1
2 Bx0 and B(B+ i I)x0 = (1+ i)Bx0. Since Bx0 = (i+1)(B+ i−12 I)x0+ i(B+ i I)x0 ∈M, we get thatM is a reduced invariant
subspace of B .
(3) Symmetrically, by Theorem 2.4, we also conclude that for any 12 > 	 > 0, dim F ([0, 	))H = ∞ and dim F ((1 −
	,1])H= ∞.
(4) By (14) and Proposition 2.3, we are easy to see that
lim
n→∞
∥∥E([0, 	))xn∥∥= lim
n→∞
∥∥E((1− 	,1])xn∥∥=
√
2
2
for 12 > 	 > 0. Hence, we can directly get a contradiction in the proof of Theorem 2.4 from (12).
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